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If we replace the general spacetime group of diffeomorphisms by transformations taking place in
the tangent space, general relativity can be interpreted as a gauge theory, and in particular as a
gauge theory for the Lorentz group. In this context, it is shown that the angular momentum and
the energy–momentum tensors of a general matter field can be obtained from the invariance of
the corresponding action integral under transformations taking place, not in spacetime, but in the
tangent space, in which case they can be considered as gauge currents.
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I. INTRODUCTION
According to the Noether theorems [1], energy–mo-
mentum conservation is related to the invariance of the
action integral under translations of the spacetime coor-
dinates, and angular–momentum conservation is related
to the invariance of the action integral under Lorentz
transformations. As both translation and Lorentz trans-
formations are perfectly well defined in the Minkowski
spacetime, the Noether theorems can be applied with
no restrictions in this spacetime. However, on a curved
spacetime, neither translations nor Lorentz transforma-
tions can be defined in a natural way [2]. The prob-
lem then arises on how to define energy–momentum and
angular–momentum in the presence of gravitation, as in
this case spacetime is represented by a curved (pseudo)
riemannian manifold.
In general relativity, the conservation of the energy–
momentum tensor of any matter field is usually obtained
as a consequence of the invariance of the action integral in
relation to the spacetime group of diffeomorphisms (gen-
eral coordinate transformations). Although this is usu-
ally considered as acceptable for the energy–momentum
tensor [3], it leads to problems when considering the
angular momentum conservation, mainly in the case of
spinor fields. In fact, as the angular momentum conser-
vation is related to the invariance of the action integral
under Lorentz transformations, and as there is no natu-
ral action of the full group of diffeomorphisms on spinor
fields [4], the spin character of these fields has necessar-
ily to be taken into account by considering the action of
the Lorentz group on the Minkowski tangent spacetime,
where its action is well defined. As a consequence, the
Dirac equation in general relativity must necessarily be
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written in terms of the spin connection, a connection as-
suming values in the Lie algebra of the Lorentz group,
and can never be written in terms of the spacetime Levi–
Civita (or Christoffel) connection.
In order to circumvent the above problems, let us
then consider the following structure. At each point of
spacetime — which in the presence of gravitation is a
curved (pseudo) riemannian manifold — there is always
a Minkowski tangent spacetime attached to it. Now, in-
stead of considering the spacetime group of diffeomor-
phism as the fundamental group behind gravitation, we
consider the local symmetry group of general relativity
to be the Lorentz group [5], whose action takes place in
the tangent space. According to this construction, gen-
eral relativity can be reinterpreted as a gauge theory [6]
for the Lorentz group [7], with the indices related to the
Minkowski space considered as local Lorentz indices in
relation to spacetime. As a consequence, the spin con-
nection is to be considered as the fundamental field rep-
resenting gravitation. This means to use, instead of the
Levi–Civita covariant derivative, the Fock–Ivanenko op-
erator, a covariant derivative that takes into account the
spin content of the field as defined in the Minkowski tan-
gent space. This approach, mandatory for the case of
spinors [8], can actually be used for any field, being in this
sense more general than the usual spacetime approach of
general relativity.
By adopting the above described point of view, which
means to reinterpret general relativity as a gauge theory
for the Lorentz group, the aim of the present paper will
be to show that the angular momentum and the energy–
momentum tensors of a general matter field can be de-
fined as the Noether currents associated to the invariance
of the action integral under local transformations taking
place not in spacetime, but in the tangent space. We
begin in section II with a review of the Lorentz transfor-
mation properties. In section III we introduce the gauge
potentials, define the Lorentz covariant derivative, and
show how a very special tetrad field naturally shows up
2in this formalism. This tetrad, as we are going to see, de-
pends on the spin connection, and this dependency will
be crucial for obtaining the covariant conservation laws.
In section IV we obtain the gauge transformations of both
the spin connection and the tetrad field. The roles played
by the spin and the orbital parts of the Lorentz gener-
ators in these transformations will also be analyzed. In
section V we show how the angular momentum conserva-
tion can be obtained as the Noether current associated to
a transformation generated by the spin generator of the
Lorentz group. Then, by considering the Lorentz trans-
formation of the tetrad field, we show in section VI how
the energy–momentum conservation can be obtained as
the Noether current associated to a transformation gen-
erated by the orbital generator of the Lorentz group. Fi-
nally, in section VII, we comment on the results obtained.
II. LORENTZ TRANSFORMATIONS
We use the greek alphabet µ, ν, ρ, . . . = 1, 2, 3, 4 to
denote indices related to spacetime, and the latin al-
phabet a, b, c, . . . = 1, 2, 3, 4 to denote indices related to
each one of the Minkowski tangent spaces. The cartesian
Minkowski coordinates, therefore, is denoted by {xa},
and its metric tensor is chosen to be
ηab = diag(1,−1,−1,−1). (1)
As is well known, the most general form of the generators
of infinitesimal Lorentz transformations is [9]
Jab = Lab + Sab, (2)
where
Lab = i(xa∂b − xb∂a) (3)
is the orbital part of the generators, and Sab is the spin
part of the generators, whose explicit form depends on
the field under consideration. The generators Jab satisfy
the commutation relation
[Jab, Jcd] = i (ηbc Jad − ηac Jbd − ηbd Jac + ηad Jbc) , (4)
which is to be identified with the Lie algebra of the
Lorentz group. Each one of the generators Lab and Sab
satisfies the same commutation relation as Jab, and com-
mute with each other.
A position dependent — that is, local — infinitesimal
Lorentz transformation is defined as
δLx
a = − i
2
ǫcd Lcd x
a, (5)
where ǫcd ≡ ǫcd(xµ) are the transformation parameters.
By using the explicit form of Lcd, it becomes
δLx
a = −ǫad xd. (6)
An interesting property of the Lorentz transformation of
the Minkowski space coordinates is that it is formally
equivalent to a translation [10]. In fact, by using the ex-
plicit form of Lcd, the transformation (5) can be rewritten
in the form
δLx
a = −i ξc Pc xa, (7)
which is a translation with
ξc = ǫcd x
d (8)
as the transformation parameters, and
Pc = −i∂c (9)
as generators. In other words, an infinitesimal Lorentz
transformation of the Minkowski coordinates is equiva-
lent to a translation with ξc ≡ ǫcd xd as the parameters.
Actually, this is a property of the Lorentz generators Lab,
whose action can always be reinterpreted as a transla-
tion. The reason for such equivalence is that, because
the Minkowski spacetime is transitive under translations,
every two points related by a Lorentz transformation can
also be related by a translation. Notice that the inverse
is not true.
Let us consider now a general matter field Ψ(xµ),
which is function of the spacetime coordinates {xµ}. Un-
der an infinitesimal local Lorentz transformation of the
tangent–space coordinates, the field Ψ will change ac-
cording to [9]
δJΨ ≡ Ψ′(x)−Ψ(x) = − i
2
ǫabJabΨ(x). (10)
The explicit form of the orbital generators Lab, given by
(3), is the same for all fields, whereas the explicit form of
the spin generators Sab depends on the spin of the field
Ψ. Notice furthermore that the orbital generators Lab
are able to act in the spacetime argument of Ψ(xµ) due
to the relation
∂a = (∂ax
µ) ∂µ.
By using the explicit form of Lab, the Lorentz transfor-
mation (10) can be rewritten as
δJΨ = −ǫab xb ∂aΨ− i
2
ǫabSabΨ, (11)
or equivalently,
δJΨ = −iξcPcΨ− i
2
ǫabSabΨ, (12)
where use has been made of Eq. (8). In other words, the
orbital part of the transformation can be reduced to a
translation, and consequently the Lorentz transformation
of a general field Ψ can be rewritten as a translation plus
a strictly spin Lorentz transformation. Notice however
that, as
[Pc, Sab] = 0, (13)
3the transformation (12) is not a Poincare´, but a Lorentz
transformation.
As a final remark, it is important to notice that, in-
stead of four scalar functions, the coordinates xa of the
Minkowski spacetime can also be interpreted as a vector
field xa(xµ). In this case, however, the Lorentz genera-
tors must be written in the vector representation
(Scd)
a
b = i (δc
a ηdb − δda ηcb) . (14)
Consequently, its Lorentz transformation will be written
as
δSx
a = − i
2
ǫcd (Scd)
a
b x
b, (15)
which yields
δSx
a = ǫad x
d. (16)
Therefore, from Eqs. (6) and (16) we see that a Lorentz
transformation of the Minkowski coordinates written
with the complete generator Jcd vanishes identically:
δJx
a ≡ − i
2
ǫcd Jcd x
a = 0. (17)
The interpretation of this result is that, under a Lorentz
transformation generated by Jcd, all vector fields V
a(x)
undergo a transformation at the same point:
δJV
a ≡ V a′(x)− V a(x) = − i
2
ǫcdJcd V
a.
In the specific case of the coordinate itself, which is also
a Lorentz vector field, the transformations generated by
Scd and Lcd cancel each other, yielding a vanishing net
result.
III. LORENTZ COVARIANT DERIVATIVE
In a gauge theory for the Lorentz group, the funda-
mental field representing gravitation is the spin connec-
tion
◦
Aµ, a field assuming values in the Lie algebra of the
Lorentz group,
◦
Aµ = 1
2
◦
A
ab
µ Jab. (18)
Equivalently, we can write
◦
Aµ = c−2Baµ Pa + 1
2
◦
A
ab
µ Sab, (19)
where a new gauge potential Baµ assuming values in the
Lie algebra of the translation group, has been defined [5]
c−2Baµ =
◦
A
a
bµ x
b, (20)
with the velocity of light c introduced for dimensional
reasons. It is important to remark once more that, de-
spite the existence of a gauge field related to transla-
tions, and another one related to the Lorentz group, the
structure group underlying this construction is not the
Poincare´, but the Lorentz group.
We consider now the Lorentz covariant derivative of
the matter field Ψ, whose general form is [11]
◦
DcΨ = ∂cΨ+ 1
2
◦
A
ab
c
δJΨ
δǫab
. (21)
Substituting the transformation (11), it becomes [5]
◦
DcΨ = hµc
◦
DµΨ, (22)
where hµc is the inverse of the tetrad field
hcµ = ∂µx
c +
◦
A
c
dµx
d ≡ ∂µxc + c−2Bcµ, (23)
and
◦
Dµ = ∂µ − i
2
◦
A
ab
µ Sab (24)
is the Fock–Ivanenko covariant derivative operator [12].
According to this construction, therefore, the orbital part
of the Lorentz generators is reduced to a translation,
which gives then rise to a tetrad that depends on the
spin connection. Because its action reduces ultimately
to a translation, the orbital generator Lab is the respon-
sible for the universality of gravitation. In fact, as Lab
acts in the fields through their arguments, all fields will
respond equally to its action. Notice also that, whereas
the tangent space indices are raised and lowered with the
metric ηab, spacetime indices are raised and lowered with
the riemannian metric
gµν = h
a
µ h
b
ν ηab. (25)
It is important to remark that the Fock–Ivanenko
derivative has the definition
◦
DcΨ = ∂cΨ+ 1
2
◦
A
ab
c
δSΨ
δǫab
,
where [9]
δSΨ ≡ Ψ′(x′)−Ψ(x) = − i
2
ǫabSabΨ. (26)
Accordingly, the Fock-Ivanenko covariant derivative of
the vector field xc(xµ) is
◦
Dµxc = ∂µxc + 1
2
◦
A
ab
µ
δSx
c
δǫab
. (27)
Using the transformation (16), it becomes
◦
Dµxc = ∂µxc +
◦
A
c
bµx
b ≡ hcµ, (28)
which shows that the tetrad coincides with the Fock-
Ivanenko covariant derivative of the vector field xc(xµ).
4IV. GAUGE TRANSFORMATIONS
Under a local Lorentz transformation generated by
U = exp
[
− i
2
ǫab Sab
]
, (29)
the covariant derivative
◦
DaΨ will change according to
◦
D′aΨ′(x′) = U
◦
DaΨ(x). (30)
As
◦
DaΨ(x) = hµa
◦
DµΨ(x), (31)
and taking into account that h′µa(x
′) = Ua
b hµb(x), with
Ua
b the usual element of the Lorentz group in the vector
representation, we can rewrite Eq. (30) in the form
h′µa(x
′)
◦
D′µΨ′(x′) = Uab hµb(x) U
◦
DµΨ(x). (32)
It then follows that
◦
D′µΨ′(x′) = U
◦
DµΨ(x), (33)
or equivalently,
◦
D′µ = U
◦
DµU−1. (34)
Using the Fock–Ivanenko derivative (24), we obtain the
usual gauge transformation
◦
A
′
µ = U
◦
AµU
−1 + iU∂µU
−1. (35)
The infinitesimal form of U is
U ≃ 1− i
2
ǫcd Scd. (36)
By using the commutation relation (4) for Sab, we get
from (35)
δS
◦
A
cd
µ = −
(
∂µǫ
cd +
◦
A
c
aµ ǫ
ad +
◦
A
d
aµ ǫ
ca
)
≡ − ◦Dµǫcd.
(37)
Notice that, as
◦
A
cd
µ does not respond to the orbital gen-
erators, we have that δS
◦
Acdµ = δJ
◦
Acdµ.
Let us obtain now the infinitesimal Lorentz transfor-
mations of the tetrad field. First of all, we have the
transformation generated by Sab, which yields the total
change in the tetrad, that is, δSh
a
µ ≡ h′aµ(x′)− haµ(x).
From (23) we see that
δSh
a
µ = ∂µ(δSx
a) + (δS
◦
A
a
dµ)x
d +
◦
A
a
dµ (δSx
d). (38)
Using the transformations (16) and (37), we get
δSh
a
µ = ǫ
a
c h
c
µ ≡ − i
2
ǫcd (Scd)
a
b h
b
µ, (39)
as it should be since haµ is a Lorentz vector field in
the tangent–space index. On the other hand, the tetrad
transformation generated by Jab corresponds to a trans-
formation at the same xa, that is, δJh
a
µ ≡ ha′µ(x) −
haµ(x). Such a transformation can be obtained from (23)
by keeping xa fixed, and substituting δJ
◦
Aabµ ≡ δS
◦
Aabµ
as given by Eq. (37). The result is
δJh
a
µ = −xb
◦
Dµǫab. (40)
Finally, there is also the transformation generated by the
orbital generator Lab. As the spin connection transfor-
mation is generated by the spin generators Sab only — see
Eqs. (35) and (36) — this corresponds to a transforma-
tion due to the variation of the coordinate xa only, with
◦
Aadµ fixed: δLh
a
µ ≡ haµ(x′) − haµ(x). From Eq. (23),
we see that such a transformation is given by
δLh
a
µ = ∂µ(δLx
a) +
◦
A
a
dµ (δLx
d). (41)
Substituting (6), and making use of the definition (8), we
get
δLh
a
µ = −
◦
Dµξa. (42)
This transformation shows that the tetrad behaves as a
translational gauge potential under a Lorentz transfor-
mation of the tangent space coordinates, in which only
the change due to the variation of the coordinates is con-
sidered. In other words, the tetrad behaves like a trans-
lational gauge potential under a Lorentz transformation
generated by the orbital generator Lab, whose action, as
we have already seen, can always be reinterpreted as a
translation.
Notice finally that, by using the above results, the
transformation (39) can be rewritten in the form
δSh
a
µ ≡ δJhaµ − δLhaµ = −xb
◦
Dµǫab +
◦
Dµξa. (43)
We remark that this result is easily seen to be equivalent
to (39) by using the fact that the tetrad is the covariant
derivative of the tangent space coordinate xa.
V. ANGULAR MOMENTUM CONSERVATION
Let us consider now a general matter field Ψ with the
action integral
S =
1
c
∫
L d4x ≡ 1
c
∫
Lh d4x, (44)
where h = det(haµ) =
√−g, with g = det(gµν). We
assume a first-order formalism, according to which the
lagrangian depends only on the fields and on their first
derivatives. Under a local Lorentz transformation of
the tangent–space coordinates, both
◦
Aabµ and h
a
µ will
change. The transformation of the spin connection
◦
Aabµ
5is generated by the spin part of the Lorentz generators,
whereas the transformation of the tetrad haµ is generated
by both the spin and the orbital parts.
Let us consider first the response of the action integral
due to the change of the Lorentz gauge potential
◦
Aabµ.
As a Lorentz scalar, the action integral is invariant under
a local Lorentz transformation generated by Sab. Under
such a transformation, it changes according to
δS =
1
2c
∫ [
∂L
∂
◦
Aabµ
− ∂ρ ∂L
∂∂ρ
◦
Aabµ
]
δS
◦
A
ab
µ d
4x, (45)
where we have not written the variation in relation to the
field Ψ because it gives the associated field equation [13].
Introducing the notation[
∂L
∂
◦
Aabµ
− ∂ρ ∂L
∂∂ρ
◦
Aabµ
]
≡ δL
δ
◦
Aabµ
= hJ µab, (46)
where J µab is the angular momentum tensor, it follows
that
δS =
1
2c
∫
J µab δS
◦
A
ab
µ h d
4x. (47)
Substituting the transformation (37), integrating by
parts, and neglecting the surface term, we obtain
δS = − 1
2c
∫
◦
Dµ(hJ µab) ǫab d4x. (48)
Due to the arbitrariness of ǫab, it follows from the invari-
ance of the action integral under local Lorentz transfor-
mations that
◦
Dµ(hJ µab) = 0. (49)
Using the identity
∂µh = h
◦
Γ
λ
λµ, (50)
with
◦
Γλλµ =
◦
Γλµλ the Levi–Civita connection of the met-
ric (25), we get
∂µJ µab+
◦
Γ
µ
λµ J λab−
◦
A
c
aµ J µcb−
◦
A
c
bµ J µac = 0, (51)
which is the usual covariant conservation law of the an-
gular momentum tensor in general relativity. According
to this construction, therefore, we see that the angular
momentum conservation is related to the response of the
action integral under a Lorentz transformation of the spin
connection, which is a transformation generated by the
spin generator Sab.
VI. ENERGY–MOMENTUM CONSERVATION
The angular momentum tensor can be rewritten in the
form
J µab = −T ρc δh
c
ρ
δ
◦
Aabµ
, (52)
where
T ρc = − 1
h
δL
δhcρ
≡ ∂L
∂hcρ
− ∂λ ∂L
∂∂λhcρ
(53)
is the energy-momentum tensor. From Eq. (23), we see
that
δhcρ
δ
◦
Aabµ
= δµρ (δ
c
a xb − δcb xa) .
Therefore, Eq. (52) becomes
J µab = xa T µb − xb T µa, (54)
which is the usual expression of the total angular momen-
tum tensor in terms of the symmetric energy-momentum
tensor [14]. Reversing the argument, we can say that the
usual relation between J µab and T µa requires a tetrad
of the form (23).
Substituting now Eq. (52) in the transformation (47),
it follows that
δS = − 1
2c
∫
T ρc δh
c
ρ
δ
◦
Aabµ
δS
◦
A
ab
µ h d
4x, (55)
or equivalently,
δS = −1
c
∫
T ρc δShcρ h d4x. (56)
Substituting δSh
c
ρ as given by Eq. (43), integrating both
terms by parts and neglecting the corresponding surface
terms, we obtain
δS =
1
c
∫ [ ◦
Dµ(hJ µab) ǫab −
◦
Dµ(hT µa) ξa
]
d4x. (57)
Using the fact that the angular momentum is covariantly
conserved, we get
δS = −1
c
∫
◦
Dµ(hT µa) ξa d4x. (58)
Due to the arbitrariness of ξa, it follows from the invari-
ance of the action integral under a local Lorentz trans-
formation that
◦
Dµ(hT µa) = 0. (59)
Using the identity (50), this expression can be rewritten
in the form
∂µT µa +
◦
Γ
µ
λµ T λa −
◦
A
c
aµ T µc = 0, (60)
which is the usual covariant conservation law of general
relativity.
It is important to notice that the energy–momentum
covariant conservation in this case turns out to be related
to the response of the action integral under a transforma-
tion of the tetrad field generated by the orbital generators
Lab, which as we have already seen are transformations
6that can be reinterpreted as translations. In fact, after
integrating (back) by parts and neglecting the surface
term, Eq. (58) can be rewritten in the form
δS =
1
c
∫
T µa δLhaµ h d4x, (61)
which holds provided the angular momentum J µab is co-
variantly conserved. Furthermore, it is easy to see that
δLh
a
µ, given by Eq. (42), induces in the metric tensor
(25) the transformation
δLgµν = −
◦
∇µξν −
◦
∇νξµ, (62)
where ξµ = ξa h
a
µ, and
◦
∇µ is the Levi-Civita covariant
derivative. As is well known, this equation represents
the response of gµν to a general transformation of the
spacetime coordinates, and its use in the Noether theo-
rem yields the covariant conservation law of the matter
energy–momentum tensor in the usual context of general
relativity [13].
VII. FINAL REMARKS
According to the Noether theorems, energy–momen-
tum conservation is related to the invariance of the ac-
tion integral under spacetime translations, and angular
momentum conservation is related to the invariance of
the action integral under spacetime Lorentz transforma-
tions. However, as is well known, in the presence of grav-
itation spacetime becomes a (pseudo) riemannian mani-
fold. As the above transformations cannot be defined on
such spacetimes [2], it is necessary to introduce a local
procedure in which the corresponding covariant conser-
vation laws can be obtained from the invariance of the
action integral under transformations taking place in the
Minkowski tangent space, where they are well defined.
By considering general relativity as a gauge theory for
the Lorentz group, where the spin connection — that is,
the Lorentz gauge potential — is the fundamental field
representing gravitation, we have shown that it is pos-
sible to obtain the angular momentum and the energy–
momentum covariant conservation laws from the invari-
ance of the action integral under transformations taking
place in the tangent space. The crucial point of this for-
malism is the Lorentz covariant derivative (22), in which
the action of the orbital Lorentz generators reduces to a
translation, giving then rise to a translational gauge po-
tential c−2Baµ =
◦
Aabµx
b that appears as the nontrivial
part of the tetrad field:
haµ = ∂µx
a +
◦
A
a
bµx
b. (63)
We remark that this constraint between haµ and
◦
Aabµ
yields naturally the usual relation, given by Eq. (54), be-
tween the energy–momentum and the angular momen-
tum tensors, showing in this way the consistency of the
tetrad (63). In this approach, the covariant conserva-
tion law of the angular momentum tensor turns out to
be related to the response of the action integral under
Lorentz transformations of the spin connection
◦
Aabµ,
which is a transformation generated by the spin part of
the Lorentz generators. On the other hand, the energy–
momentum conservation turns out to related to the re-
sponse of the action integral under a Lorentz transforma-
tion of the tetrad field. Differently from
◦
Aabµ, the tetrad
field haµ responds simultaneously to both the spin and
the orbital Lorentz generators. The part related to spin
generator Sab yields again the conservation of the an-
gular momentum tensor, written now in the form (54).
The part related to the orbital generator Lab yields the
conservation of the energy–momentum tensor, a result
consistent with the fact that the Lorentz transformation
generated by Lab can always be reduced to a transla-
tion. In fact, the tetrad transformation generated by Lab,
given by Eq. (42), induces in the metric tensor gµν the
transformation (62), which is the usual transformation
of gµν under a general transformation of the spacetime
coordinates, and which yields the covariant conservation
law of the matter energy–momentum tensor in the usual
context of general relativity. We have in this way es-
tablished a relation between spacetime diffeomorphisms
and tangent space Lorentz transformations generated by
the orbital generator Lab. This is a crucial result in the
sense that it is the responsible for obtaining the covari-
ant conservation law for the energy–momentum tensor
under transformations taking place in the tangent space.
We notice in passing that even in the tetrad approach to
general relativity, as the tetrad is invariant under a true
translation of the tangent space coordinates, no energy–
momentum covariant conservation law can be obtained.
Summing up, with this construction we have succeeded
in obtaining an internal Noether theorem from which the
covariant conservation laws for angular momentum and
energy–momentum tensors are obtained from the invari-
ance of the action integral under “internal” — that is,
tangent space — transformations. Accordingly, the asso-
ciated densities can be considered as “gauge” currents.
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